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Abstract 



We derive new rotating, non-asymptotically flat black ring solutions in five- 
dimensional Einstein-Maxwell-dilaton gravity with dilaton coupling constant a = 
\/8/3 which arises from a six-dimensional Kaluza-Klein theory. As a limiting case 
we also find new rotating, non-asymptotically flat five-dimensional black holes. 
I/" - ) | The solutions are analyzed and the mass, angular momentum and charge are 

computed. A Smarr-like relation is found. It is shown that the first law of black 
hole thermodynamics is satisfied. 

j§ : 1 Introduction 



An interesting development in the black holes studies is the discovery of the black 
ring solutions of the five-dimensional Einstein equations by Emparan and Reall pQ, 
P|. These are asymptotically flat solutions with an event horizon of topology S 2 x S 1 
rather the much more familiar S 3 topology. Moreover, it was shown in [2 that both 
the black hole and the the black ring can carry the same conserved charges, the mass 
and a single angular momentum, and therefore there is no uniqueness theorem in five 
dimensions. Since the Emparan and Reall's discovery many explicit examples of black 
ring solutions were found in various gravity theories [H|-[I3]- Ehvang was able to apply 
Hassan- Sen transformation to the solution |2] to find a charged black ring in the bosonic 
sector of the truncated heterotic string theory A supersymmetric black ring in five- 
dimensional minimal supergravity was derived in [3] and then generalized to the case 
of concentric rings in [3] and jH]. A static black ring solution of the five dimensional 
Einstein-Maxwell gravity was found by Ida and Uchida in ^5] . In ^E] Emparan derived 
"dipole black rings" in Einstein-Maxwell-dilaton (EMd) theory in five dimensions. In 
this work Emparan showed that the black rings can exhibit novel feature with respect 
to the black holes. The black rings can also carry nonconserved charges which can 
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be varied continuously without altering the conserved charges. This fact leads to 
continuous non-uniqness. The thermodynamics of the dipole black rings, within the 
quasilocal counterterm method, was discussed by Astefanesei and Radu fT7| . Static 
and asymptotically flat black rings solutions in five- dimensional EMd gravity with 
arbitrary dilaton coupling parameter a were presented in |18j . Non-asymptotically 
flat black rings immersed in external electromagnetic fields were found and discussed 
in ^2] and PH]-A systematical derivation of the asymptotically flat static black ring 
solutions in five- dimensional EMd gravity with an arbitrary dilaton coupling parameter 
was given in |19j. In the same paper, the author systematically derived new type static 
black ring solutions which are not asymptotically flat. 

The aim of this paper is to generalize the results of ^H] and to present exact 
rotating non-asymptotically flat black rings solutions in five-dimensional EMd gravity. 
Such type EMd solutions, however in the case of black holes (i.e. with spherical horizon 
topology), have attracted much interest in recent years |2T)]-|2*?j. 

In general, the D-dimensional EMd gravity is described by the action 1 



The field equations derived from the action are 



(1) 



R 



v„vv 



2d„(pd v ip + 2e 2aip 

_ P 2aL PT? TP V P 
2 c 1 vp L i 



0. 



F F p 



2(D-2) 



FppF^ 



(2) 

(3) 
(4) 



2 Static, non-asymptotically flat black rings 

In this section, following jTHj we present the derivation of the static non-asymptotically 
flat black ring solutions. 

The metric of the static spacetime (i.e. admitting the hypersurface orthogonal 
Killing vector £ = t| ) can be written in the form 

ds 2 = -e 2U dt 2 + e~^h ij dx i dx j (5) 

where U and hij are independent of the time coordinate t. The electromagnetic 
field is taken in the form 

F = e~ 2U i A rf$ (6) 

where $ is the electrostatic potential. 

In terms of the potentials U, $, ip and (D — 1) -dimensional metric the field 
equations become 

1 In what follows we consider theories with a^O. 
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where T>i and H(h)ij are the covariant derivative and the Ricci tensor with respect 
to the metric h^. These equations can be derived from the action 



s = J S D -v x Vh 
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Let us introduce the symmetric matrix 
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Then the action can be written in the form 

1 (D-2) 
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The action is invariant under the symmetry transformations 
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where G G GL(2,R). The matrix P parameterizes the coset GL(2, R)/SO(l, 1). 
Similar sigma model was found in [21] . However, here we give the parameterization of 
the target space in terms of 2 x 2 matrices rather than 3x3 matrices as it is done in 



Let us consider a static asymptotically flat (vacuum) solution of D-dimensional 
Einstein equations 



ds 2 n = -e 2Uo dt 2 + e T^h ij dx i dx j 
e 2U o \ 



which is encoded into the matrix 



Pn 



,(a D -l)U 



-1 
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and the metric hij. In order to generate non-asymptotically flat EMd solutions we 
shall consider the matrix 

N = (^° a ~ a a 1 j e SL(2,R) C GL(2,R). (18) 
Then we obtain the following EMd solution presented by the matrix 

P = NP N T (19) 



:,U0 



V 
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As an explicit example of a seed vacuum solution we consider the five- dimensional, 
static, asymptotically flat black ring solution given by the metric 



d4 = -fg*> (2!) 



K 



2 



2 | F(x) dy 2 dx 



where 2 F(x) = 1 + Xx, TZ > and < A < 1. The coordinate x is in the range 
— 1 < x < 1 and the coordinate y is in the range — oo < y < — 1. The solution has a 
horizon at y = — 1/A . The topology of the horizon is S 2 x S 1 , parameterized by (x, 0) 
and ip, respectively. In order to avoid a conical singularity at y = —1 one must demand 
that the period of ip satisfies Aip = 2n/ a/1 — A. If one demands regularity at x = — 1 
the period of must be A0 = 2tt / 'yl — A. In this case the solution is asymptotically 
flat and the ring is sitting on the rim of disk shaped membrane with a negative deficit 
angle. To enforce regularity at x — 1 one must take A0 = 27r/ \/l + A and the solution 
describes a black ring sitting on the rim of disk shaped hole in an infinitely extended 
deficit membrane with positive deficit. More detailed analysis of the black ring solution 
can be found in pQ. 

Applying the transformation (|19|) to the neutral black ring solution (J21|) we obtain 
the following EMd solution 



2 We warn the reader that even if we use the same letters as in ^1 their meaning is different. Here 
we present the black ring solutions in the coordinates of 
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ds 2 
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From the explicit form of the solution it is clear that there is a horizon at y = — 1 / A 
with topology S 2 x S 1 . Using arguments similar to that in [T] (see also [27]) one can 
show that the horizon is regular and the solution can be continuously extended through 
the horizon. 

The analysis of the near-horizon geometry is quite similar to that for the near- 
horizon geometry of the neutral black ring solution. As it is seen the both near-horizon 
geometries are conformal with a constant conformal factor. In order for the metric to 
be regular at x — — 1 the period of <fi must be A<ft = 2tt / 'a/1 — A. The regularity at 
x = 1 requires A<p = 2^/^/1 + A. Therefore, it is not possible for the metric to be 
regular at both x — — 1 and x — 1. The regularity at x = —1 means that there is 
a conical singularity at x — 1 and vice versa. The xcj) part of the metric describes a 
two-dimensional surface with S" 2 topology and with a conical singularity at one of the 
poles. 

The asymptotic infinity corresponds to x = y = — 1. One can show that near 
x — y — — 1 the solution behaves as 
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where the coordinates r, ■?/> and are defined as follows 



rcos9 = TZ— , rsm6 = K- , $ = VT^Xip, 4> = v / l 3 A0. (26) 

x — y x — y 

It is clear that the solution is not asymptotically flat. Moreover, the presented 
asymptotic matches the asymptotic of the spherically symmetric Chan-Horne-Mann 
solution of the five- dimensional EMd gravity [21]. It is worth noting that the D- 
dimensional Chan-Horne-Mann solution can be obtained via the solution generating 
transformations ()20|) applied to the .D-dimensional Schwarzschild solution. In five di- 
mensions, the black ring solution (}2"Tj) asymptotes ( r — > oo) the Schwarzschild solution 
and therefore the transformations (]2T)j) generate the same asymptotic as for the Chan- 
Horne-Mann solution. 

Even though our solution is not asymptotically flat and the dilaton field behaves 
like ip ~ ln(r) for large r, the Ricci and the Kretschmann scalars vanish as r — > oo. 
More precisely we have (see Appendix IX]) 

R~r~^s, R^R^-r'^l. (27) 

Therefore the spacetime is well-behaved for r — > oo. 
The horizon area is 

A h = 8n 2 TZ 3 =. 

(1-A) V /(1 + A)(1±A) 

where the sign ± corresponds to taking the conical singularity at x 
The black ring mass, charge and temperature are given by 



(28) 

= ±1. 



M ± = ^^2—* / 29 
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In order to compute the mass of the solution we have used the so-called quasilocal 
formalism. Some details are given in Appendix [BJ 

The electric potential is defined up to an arbitrary additive constant. In the 
asymptotically flat case there is a preferred gauge in which $(oo) = 0. In the non- 
asymptotically flat case the electric potential diverges at spacial infinity and there is no 
preferred gauge. The arbitrary constant, however, can be fixed so that the Smarr-type 
relation to be satisfied: 

M ± = ItA k± + § h Q±. (32) 
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3 Rotating, non-asymptotically flat black rings 



The five- dimensional EMd gravity with the dilaton coupling parameter a 2 = 8/3 can 
be obtained as a dimensional reduction of the six dimensional vacuum Einstein gravity 



S = j cPxyf^Rw (33) 
along the spacelike Killing vector d/dx e . The Kaluza-Klein ansatz 

dsl = e~^ds 2 5 + e 2 ^ (dx 6 + 2A fl dx») 2 (34) 

reduces the action (J33|) to the five dimensional EMd gravity action with 



a = y8/3. The fact that the five-dimensional EMd theory with a = y8/3 and 
the six-dimensional vacuum Einstein gravity are related via a Kaluza-Klein reduction 
is important and enables us to generate exact solutions to EMd theory from solutions 
of the six dimensional vacuum Einstein equations. Moreover, it is known that the 
stationary vacuum Einstein equations in D dimensions (i.e. with D — 3 commuting 
Killing vectors) reduce to (D — 2)-dimensional self-gravitating SL(D — 2, R)/SO(D — 2) 
sigma-model [29 ,[30j. Applying the SL(D — 2, R) symmetry transformations one can, 
in principle, generate new solutions from known ones. This implies a natural and sim- 
ple method for generating exact solutions to the five-dimensional((D — l)-dimensional 



in general) EMd equations with a = y8/3 (with a = \j2(D — 2)/(D — 3) in general). 
The method consists in the following steps. Given a (D — l)-dimensional vacuum 
Einstein solution is first trivially embedded in a D-dimensional spacetime and then 
is SL(D — 2,R) transformed. After Kaluza-Klein reduction one obtains a (D — 1)- 
dimensional EMd solution. The described method was successfully applied to many 
specific problems |HI]-[Sl] ; j2S](a'nd references therein). In our situation the picture is 
the following. First, the SL(2, R) transformation (fT9"|) with matrix iV is uplifted to 
SX(4, R) transformation with matrix Sjv- Then we apply the so-obtained SL(4, R) 
transformation to the trivially embedded rotating neutral black ring solution. The 
new spacetime is Kaluza-Klein reduced and the found EMd solution represents a ro- 
tating non-asymptotically flat five-dimensional EMd black ring. The technical details 
are presented below. 

The metric of six-dimensional spacetime admitting three commuting Killing vectors 

t 9 9 9 M\ 

can be written in the form 

dsl = fab(dx a + wtdx i ){dx h + w)dx j ) + f' 1 H ij dx i dx j (36) 

where / = | det(/ a fi)|, i = 1, 2, 3, a = 4, 5, 6 (x 4 = t,x 5 = if)). Let us introduce the 
twist potentials 

V a = f -j=H % ^ mn d n w b m (37) 
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where H = det(fZjj). The Einstein equations can then be written as a three dimen- 
sional selfgravitating sigma model 



R(H)i 



M VM 



0. 



(38) 
(39) 



Here T>i is the coderivative operator and R(H)ij is the Ricci tensor with respect to 
the metric H^. M is a unimodular symmetric matrix given by 



M 



fab-f-'VaVb -f- X V a 



<•-! 



, -r 1 ^ -r 

The field equations therefore are invariant under SL(4,R) transformations 

M — ► SMS T . 



(40) 
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Note that the three-metric Hij does not change under these transformations. 
Let us consider the trivial embedding of the five- dimensional static solution (J 16)) 



dsl = -e 2Uo dt 2 + e- Uo h ij dx i dx j + dx\ 
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The corresponding matrix M is 
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The Kaluza-Klein embedding of (|20|) has the representative matrix 
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It can be checked that 



M static — SNM° static Sj{ 
where the SL(4, R) matrix Sn has the following block-diagonal form 



S 



N 



N 

E 2X 2 



as one should expect. 

Further, we consider the rotating neutral black ring solution 
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dsl 
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and 



F(x) = 1 + Xx, G(x) = (1 - x 2 ){l + ux), 
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The coordinates x and y vary within the ranges 

— 1 < x < 1, — oo < y < — 1, 
and the parameters A and v within 

< v < A < 1. 
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In order to avoid conical singularities at y 
must be identified with periodicity 



Aip = A(f> 

To avoid a conical singularity at x — 

A = 



2vr 



= — 1 and x = — 1 the angular variables 
^H. (52) 



1 the parameters A and v must be related as 

(53) 



1 + Z/ 2 ' 

With these choices, the solution has a regular horizon of topology S 2 x S 1 at y = 
—\jv and ergosurface of the same topology at y = — 1/A. Asymptotic spacial infinity 
is at x — * y — > — 1. The static solution is obtained for A = v instead of 

Following the method described above we make a trivial embedding of the rotating 
neutral black ring solution which we shall write in the form 



dsl = f*i ( dt + W^dip) 2 + g^dx'^dx 9 + dx\ 



(54) 



where the explicit form of the functions fu and and the metric (fi, v 
1, 2, 3, 5) can be found by comparison with (|4Tj) . 

The representative matrix of the embedded solution is given by 
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where = + fuW% . 

New six-dimensional solution is obtained by applying the transformation (J41)) with 
the matrix S N to M® otating . 



M ro tating ~ $ N M® otating Sj[ 
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Recovering the six-dimensional metric we find 
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After performing Kaluza-Klein reduction we obtain a new rotating EMd solution 
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In explicit form the solution reads 
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It is worth noting that this EMd solution can be obtained in a simple way via twisted 
Kaluza-Klein reduction just as in the case of the four- dimensional, non- asymptotically 
flat black holes j2H] • In order to demonstrate this we rewrite the six-dimensional metric 
(|57|) in the form 



ds 2 6 = fu (dt + w ipd?py + Q-^dx^dx" + dx\ 



(64) 
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where 



ax 



x 



— ax 



e, 



(65) 



One immediately recognizes that is the six- dimensional trivial embedding of 
the rotating black ring solution. Therefore, the rotating non-asymptotically flat EMd 
black ring solution can be obtained from the six dimensional trivial embedding of the 
rotating black ring solution via a twisted Kaluza-Klein reduction with respect to the 
Killing vector 



A _ (d d ' 
X ~ a [di ~~ dx^ 



(66) 



We shall close this section with giving a new five dimensional EMd solution rep- 
resenting a rotating non-asymptotically flat black hole. It is well known that the 
Myers- Perry black hole with rotation in one plane can be obtained form the rotat- 
ing black ring solution as a limiting case [T^J . Let us consider the same limit for our 
EMd solution. Define new parameters 



2K 2 



m 



v 



such that they remain finite as A, v 

(y,x) (r,9) 



2K 1 



A 



(67) 



1 and 1Z — > 0. Also change the coordinates 



x 



y 



■1 + 2 1- 




n 2 sin 2 e 



m ) r 2 — (m — b 2 ) cos 2 9 ' 
U 2 cos 2 9 



m J r 2 — (m — b 2 ) cos 2 9 ' 
and rescale the angular coordinates 



(68) 
(69) 



"m 



b 2 



2TZ 2 



(70) 



so they now have the canonical periodicity 2tt. Then we obtain the following five- 
dimensional rotating, nonasymptotically flat, EMd black hole solution 



dsl 



+ 




m\ ( , mb cos 2 9 , , \ 2 



^ ( dr 2 ,_ 2 \ A cos 2 9 , , 2 2 . 2 
I X ) + 1 - a ^ + 



2n^ dt+ 2-a C ° s2ed ^ 



ma 



2/3 



(71) 
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where 



m + o 2 , S = r 2 + b 2 sm 2 6. 



4 Analysis of the solution 

As in the neutral case, in order to avoid singularities at y = — 1 and x = —1 the angular 
variable ip and <f> must be identified with periodicity given by (}52|) . To avoid a conical 
singularity at x — 1 the parameters A and v must satisfy the relation Under these 
conditions the solution has a regular horizon of topology S 2 x S 1 at y = — \jv and 
ergosurface with the same topology at y = — 1/A. The regularity of the horizon can be 
proven by arguments similar to that in [I] and j2] . The static solution (}2*2*j) is obtained 
for A = v. 

The horizon area, angular velocity and temperature are found to be 



A 
T 



8% 2 a1l 3 v 3/2 - 



A(l - A 2 



l-v) 2 (l + v)' 



aK \ A(l + A)' 
1 



1 + 



1-A 



AnaTZ" ' ' ' ]j A(l + A)z/' 
The surface y = — 1/u is & Killing horizon of the Killing vector 

where ip = J^^- ?/> (see below). The temperature is 



(72) 
(73) 
(74) 



(75) 



T 



2n 



(76) 



and the surface gravity k associated with the Killing vector /C is defined as usual. 
The spacial infinity is reached as x — > y — > — 1. The asymptotic behaviour of the 
solution is 



+ 



, 1 — v r z 



2A K 2 

2T-1/3 



2/3 



dt 2 



, 1 — v r 
2A 7^ 



dr 2 + r 2 d# 2 + r 2 cos 2 9 dip' 2, + r 2 sin 2 
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2A n 2 



dt + JL g%*) v/I ^ 1 ^ cos 2 9diP, (7S 
2a A 1 — z/ 
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where the new coordinates r, 6, i/j and are given by 



rcos# = 4/ TZ— , (80) 

.1 . . x — y 



rsinO = \ K- , (81 





- A 




— z/ 




-A 




— V 


1 - 


- V 




- A 


1 - 


- V 




-A 



X 2 



x-y 

V> = "^tV>, (82) 

(83) 



The angular coordinates ^ and are with canonical periodicity 2n. The asymptotic 
form of the solution shows obviously that the solutions is not asymptotically flat. This 
asymptotic matches the asymptotic of the Chan-Horne-Mann solution [21] for a 2 = 8/3 
and the asymptotic of the black hole solution (fTTj) . The curvature scalars vanish as 
r —>■ oo (see Appendix |XJ) 

i?~r~ 4 / 3 , R^R^ ~ r" 8 / 3 (84) 
and the spacetime is well-behaved there. 

In order to calculate the mass and angular momentum of the solution we use the 
quasilocal formalism (see Appendix \B§ . After a long algebra we find 



v/A(A-^)(l + A) 
■h = ~ a ^^~ n ~2 • ( 86 ) 



2 (l-u) 

The electric charge is defined by 



Q = J_ I e^F^dW (87) 

87T Joo 



and we find 



Q = -ua 2 U 2 ^-^. (88) 
The electric potential in the horizon rest frame evaluated at the horizon is 

$h = /CM,,. (89) 
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This potential can be chosen by adding an appropriate constant so that the following 
Smarr-type relation to be satisfied 




(90) 



Moreover, with the same choice of the potential $^ one can show that the first law 



is satisfied 3 . 

The physical parameters and the thermodynamics relations of the black hole solu- 
tion (|7ip are obtained as a limiting case of those for the black rings. 

5 Conclusion 

In this paper we derived new rotating, non-asymptotically flat black ring solutions in 
a five-dimensional EMd theory which is dimensional reduction of a six- dimensional 
Kaluza-Klein theory. As a limiting case, new five- dimensional, non-asymptotically 
flat black holes with rotation in one plane were obtained, too. The properties of the 
solutions were computed. A Smarr-like relation was found. It was shown that the fitst 
law of black hole thermodynamics is satisfied. Here we considered black rings rotating 
in -^-direction. The construction of black rings with rotation in the azimuthal direction 
of the S 2 is straightforward. 

Finally, it would be interesting to find rotating, asymptotically and non- 
asymptotically flat black rings for arbitrary dilaton coupling parameter a. This task, 
however, requires a systematic study of the stationary EMd equations in five (and 
more) dimensions. We will address this problem in a future work. 
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A Ricci and Kretschmann scalars 

In this Appendix we give the asymptotic behaviour of the Ricci and Kretschmann 
scalars for the dilaton black ring spacetimes. 

3 Note that the parameter a is kept fixed 




(91) 
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A.l Ricci and Kretschmann scalars for the static black rings 

The Ricci scalar is given by 



R 



2(1 + «§) 



l + a\F(x) 



where 



[F(y)(l-a?) + F(xW-l)] 
TZ 2 F(x) 



F{y) 

F(x) 



(92) 



(93) 



The Ricci scalar is regular on the horizon and everywhere outside the horizon. For 
r — ► oo we find 



R 



when a\ ^ 1 and 



3(a§ - 1) (1 - A) 

2(l + «2)2 Afl 2^2 



2A n 2 

— X r 2 



R ~ r~ 3 



(94) 



(95) 



when a| = 1. This asymptotic behaviour can be also obtained directly form the 
asymptotic form of the metric (|23|). 

The Kretschmann scalar is difficult to calculate even by computer. However, its 
asymptotic behaviour can be found from the asymptotic form of the metric (|23|). Mak- 
ing use of the formulas given in we obtain 



R 



/iua/3 



(96) 



A. 2 Ricci and Kretschmann scalars for the rotating black 
rings 

The Ricci scalar is given by the expression 



R=~- 



1 Z-V3 



G{x)F\y) - G{y)F\x) 



4^ 2 F 3 (x) 



3 7e 2 F 3 (x 

-G?(x)F(y)F(x) + 3G £ [F(x) - F(y)\ F(x) + G E F\y) 



+ 



A 



v(i-y 2 ) + (\-y)(i-j] 



F 6 (x) 



where 



G E = G(y)\ y= _i=(l-±)(l-j). 



(97) 
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The Ricci scalar curvature is well-behaved on and outside the horizon. The asymp- 
totic behavior of the Ricci scalar for r — > oo is 



R 



1 (1-") 
6 Xa 2 TZ 2 



2A n 2 

1 — v r 2 



2/3 



-4/3 



(9* 



Using the asymptotic form of the metric (|77|) we find 



i? 



pva(3 



,-8/3 



(99) 



B Quasilocal formalism 

Here we briefly discuss the quasilocal formalism in EMd gravity [24J. The spacetime 
metric can be decomposed into the form 

ds 2 = -N 2 dt 2 + Xij(dx i + N i dt)(dx j + N j dt) (100) 
where N is the lapse function and N l is the shift vector. 

This decomposition means that the spacetime is foliated by spacelike surfaces E t 
of metric Xfiu = 9^u + u^u u , labeled by a time coordinate t with a unit normal vector 

= —N5q. A timelike vector v^ 1 , satisfying v^V^t = 1, is decomposed into the lapse 
function and shift vector as v^ 1 = Nu^ 1 + iW\ The spacetime boundary consists in the 
initial surface Ej (t = U) and the final surface £/ (t = tf) and a timelike surface B 
to which the vector is tangent. The surface B is foliated by (D — 2)-dimensional 
surfaces SI, of metric a^ u = x^v — n^n^, which are intersection of E 4 and B. The unit 
spacelike outward normal to S\, n^, is orthogonal to u^. 

The quasilocal energy and angular momentum are given by 



E = — 



8ir J sr 



N{k - ko) + 



d D ~ 2 x 



47r Js: 



+— / A (W - fli) n 3 d 



J-D-2, 



X. 



Ji = ~ — 



[ !hK^d D - 2 x - — [ AiWntdP-tx. 

JSV »/Y 47T J SI 



SnJsi jx 



(101) 
(102) 



Here k 



-a^Dj.n,, is the trace of the extrinsic curvature of ST embedded in £+ 



and D v is the coderivative with respect to the metric Xnv The momentum variable 
conjugated to Xij is given by 



P ij = Vx(x ij K-Kv 



(103) 



where 



Ki 



2N 1 dt ( 3) 



(104) 



16 



is the extrinsic curvature of H t and K is its trace. The quantity IP is defined by 



IF = -1— ^je 2av F 0j . (105) 

The quantities with the subscript "0" are those associated with the background. 
Detail discussion of the quasilocal formalism can be found in |24j . 

B.l The mass of the static black rings 

The mass of the solution is defined as the limit M = lim^oo E(r). Keeping only the 
leading asymptotic monopole and dipole contributions for r — > oo we have 



a ab dx a dx b ~ Z^^dQl, (106) 

a n' 
l - \T 2 



X ^ Z 1+ "f (l - T ^^) , (107) 



a n 2 * 

l-A r 2 



n r ~Z 2(1+a s) 1 I , (108) 



where 



9 \ 7? 2 

Z ~a 2 -^-% (109) 



1 - A r 2 

for r — > oo. For the asymptotic extrinsic curvature we obtain 



i 



ial 2 V1 ^'i - A^V mo) 



1 + a 2 r V 1 — A r 2 ; 

The natural background solution is given by (|23 |1 -(|25 |1 and the corresponding ex- 
trinsic curvature is 



3a 2 Z 2(1+a V 



1 + Q!g 

Then we find 



:ni) 



M 



3a| 2 
hm r 



In 1 + a 2 



5 

3tt^ 2 



A K 2 
l-A r 2 
A 



6»=tt/2 i-ip=2-K 
=0 7?/i=0 



=2tt, 



</>=0 



cos # sin OdOdipdcj) 



1 + oi 



;i-a)(i±a) 



(112) 
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B.2 The mass and the angular momentum of the rotating 
black rings 

Keeping only the leading asymptotic monopole and dipole contributions for r — > oo we 
have 



a ab dx a dx b ~ Z^r 2 dtt 2 



3) 



N*Z-i(l- A UT 



n r ~Z~s\l 



1 — v r 2 J ' 

a n 2 \ 

1 — v r 2 I ' 



~ -2aC(i/, A) 



where 



Z ~ a 2 - 



a - z/) 2 r 4 



2A n 2 



(113) 
(114) 

(115) 

(116) 



1 — v r 2 

The natural background solution is given by Ij77jl - (j75jl . In this case the integral 



(117) 



47T JSJ 

is zero. It can be shown that the integral 



x 



1 

87T Js: 



n^ u N v 

Vx 



d 6 x ~ — 



;ii8) 



(119) 



and therefore it does not contribute to the mass. Consequently, only the integral 

— / \foN{k - k )d 3 x (120) 

8-7T J ST 



X 

contributes to the mass of the solution. The asymptotic extrinsic curvatures are 

(121) 

z-i 



r \ 1 — v r 2 



k 



Substituting into the integral we find 



(122) 



M 



— lim 

471" r^oo 

nTZ 2 A 
2 1 - u 



A K 2 
1 — v r 2 



tt/2 j-i>=2-K p4>=2ir 



o jv=o J<f>=o 



cos 6 1 sin 0d8di/)d(f> 



(123) 
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The angular momentum is 



1 r n ^V% 1 r 

Jv, = lim / —y/ad 3 x — — lim / A-jtPrijd 3 x. 

8ir Jst ,/y 47r r ^°° Jst w 



The first integral reduces to 



lim / — -=-J~ad 3 x = — lim / n r K r i\fad 3 x. 
J st x/\ 8ir J st ^ 



For r — > oo we obtain 



n r K r 7y /j~ -2aC(u,X)^ — ^TZ 3 cos 3 9sin9. 
v (1 — i/) 



(l-i/) 

Therefore we find 



r- lim / n r K r 7 \fad 3 x 

1 ./I — \ ft/=nfZ rip=l-K r(p=l-K _ _ 

- — aC{y,\)j- -^ft 3 / / / cos 3 6 sm9d9di)d<i) 

4"7T [1 — uY J 9=0 Jih=0 J 6=0 



1 ^ ^V^TX,,,., /" e=w/2 ft =2n 

=o >/^=o 

-C7(i/ A)^A^ 3 



In order to compute the second integral in we first find and Wn r for r 



1 C(i/,A)VT^T ,„ 

A r ~ LJ_^J! n cos 2 0, 

^ 2a A l-i/ 

2A 

ITn r ~ a 2 ft 2 cos sin 6*. 

l — i/ 



Then we find 



- j- lim / Ar,n J n,-d 3 x 

4tt r ^oo ifi 3 

1 ,/l _ \ f6=n/2 i"4>=2n r 4>=2n _ _ 

= aC(u,X)-^ -ft 3 / / / cos 3 sin0d0aV# 

47T (1 — Z/) 2 J6»=0 Ji/i=0 ^=0 

Finally, for the angular momentum we obtain 

Tra „ V^ZA^a vrft 3 y^A - z/)(l + A) 

J ^ = ~T C(z/ ' A) = (T^ • 
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